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Geometry dependence of nonlinear effects in high temperature
superconducting transmission lines at microwave frequencies

James C. Booth,a) J. A. Beall, D. A. Rudman, L. R. Vale, and R. H. Ono
National Institute of Standards and Technology, Boulder, Colorado 80303
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We investigate the nature of low-power nonlinear effects in high-temperature superconducting
microwave devices by measuring third harmonic generation at 76 K in coplanar waveguide
transmission lines of different geometries fabricated from YBa2Cu3O72d thin films. The measured
power in the third-harmonic signal changes systematically with film thickness, center conductor
linewidth, and line length. We analyze these results using a simple model for a transmission line
with a nonlinear inductance arising from a current-dependent superconducting penetration depth.
This analysis describes quantitatively the observed differences in harmonic generation for
transmission lines of different dimensions, and yields a single geometry-independent parameter~the
nonlinear scaling current densityJ0) to quantify the observed nonlinear behavior. For the thin film
samples studied hereJ053.03107 A/cm2 at 76 K for all geometries investigated. These results
provide the means to establish a lower limit for the expected nonlinear response of superconducting
components of arbitrary geometry at microwave frequencies.@S0021-8979~99!05614-5#
in
a
ce
(
f
-
e
-
s
in

he
pr
he
S
r
b

ict
i

ic
v
ri
ec
to
ob
o

fi
ea
l o

us
tri

ces
nal
be-

on
-
.
if-
and

re-
ice
e
,
n-
mi-
es

ef-
ies
n
a-
an-
es,
ci-
a-
ract
we

to
he
ion
with

nd
nce
I. INTRODUCTION

High temperature superconductors are finding increas
application in passive microwave elements such as filters
delay lines, which benefit from the extremely low surfa
resistance and relatively high transition temperatureTc

;90 K) characteristic of these materials.1,2 The advantage o
high temperature superconductor~HTS! devices can be com
promised, however, by factors such as the rapid increas
loss at high microwave powers3,4 and nonlinear effects gen
erated at all powers.5 An example of the potentially seriou
problems due to nonlinearity is intermodulation distortion
HTS transmit/receive filters, where two signals within t
passband of a filter are mixed by nonlinear processes to
duce interference signals which can also fall within t
passband.1 It is not known if such nonlinear effects in HT
devices are an inherent property of HTS materials or occu
a result of the device fabrication process. The achieva
limits on device linearity are therefore impossible to pred

To better understand the nature of nonlinear effects
HTS microwave devices, we investigate the role of dev
geometry on the nonlinear response of HTS coplanar wa
guide ~CPW! transmission lines. The goal of these expe
ments is to determine whether the observed nonlinear eff
in HTS devices are of intrinsic or extrinsic origin, and
facilitate the comparison of nonlinear measurements
tained for structures of different geometries. The results
these experiments can then be used to help develop thin
and device fabrication processes which minimize nonlin
effects in HTS microwave devices, and to predict the leve
nonlinear response in actual HTS applications.

Many HTS microwave applications are implemented
ing thin films in planar geometries, such as microstrip, s
line, and coplanar waveguide.6 While allowing for substan-
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tial reduction in component size and weight, planar devi
usually carry larger current densities than three-dimensio
structures, which increases nonlinear effects. Nonlinear
havior is typically observed as intermodulation distorti
~IMD ! in filters and resonators7–10 and as harmonic genera
tion in broadband devices such as transmission lines5,11

Higher harmonics and intermodulation products are two d
ferent manifestations of the same nonlinear processes,
they can be simply related.1,12 Even so, it is currently diffi-
cult or impossible to compare the measured nonlinear
sponse in different structures owing to differences in dev
geometry~e.g., microstrip, strip line, coplanar waveguid!
and device dimensions~film thickness, conductor length
width!. Different experimental configurations can give no
linear responses that differ by orders of magnitude for si
lar input powers, yielding little information about the sourc
of the observed nonlinear behavior.

In this article we present measurements of nonlinear
fects in CPW transmission lines of different geometr
which are fabricated from HTS thin films. We expand o
previous work13 to directly compare the results of these me
surements with the predictions of a simple model. To qu
tify the nonlinear response of our HTS microwave devic
we measure third harmonic generation as a function of in
dent power.5 We use single frequency third harmonic me
surements and simple linear geometries in an effort to ext
the underlying nonlinear material properties. In addition,
restrict our attention to microwave powers that correspond
current densities well below the critical current density of t
superconductor in order to avoid the high power reg
where the surface impedance begins to rapidly increase
increasing power.3,4

The model that we use, developed by Dahm a
Scalapino,14 assumes the existence of a nonlinear inducta
0
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arising from a current-dependent penetration depth.
current-dependent penetration depth can arise from a num
of sources, including current-induced depairing of the sup
conducting charge carriers, or from the presence of w
links.14,15Vortex motion has also been suggested as a so
for a nonlinear reactance.16 We adapt the model of Dahm
and Scalapino, which calculates the intermodulation produ
in a microstrip resonator, to the case of third harmonic g
eration in planar transmission lines of variable length. Co
parisons between the model and experimental results are
complished by extracting the third-order intercept~described
in detail below!, which is defined as the incident power
which the measured third harmonic response would bec
equal in magnitude to the fundamental signal. By compar
the third-harmonic generation of CPW transmission lines
different dimensions, we are able to demonstrate that
nonlinear response of these devices changes with geom
exactly as predicted by the simple model. As a result, we
extract a single parameter~the nonlinear scaling current den
sity J0) to describe the observed nonlinear response of a
our devices, independent of specific geometry. These re
suggest that the nonlinear response of our samples ca
considered to be an intrinsic material property and is
generated by damage due to patterning, for example.
values obtained for the nonlinear scaling current densityJ0

can then be combined with the theory of Dahm a
Scalapino14 to allow for the estimation of material limits o
the smallest nonlinear effects achievable in practical su
conducting microwave devices of arbitrary geometry.

II. THIRD-HARMONIC MEASUREMENTS

We fabricate CPW transmission lines from epitax
c-axis-oriented YBa2Cu3O72d ~YBCO! films of different
thicknesses grown by pulsed-laser deposition on
315 mm LaAlO3 substrates. The films are grown at 770
~Ref. 17! at an oxygen pressure of 27 Pa~200 mTorr!, with a
thin ~;20 nm! buffer layer of CeO2 deposited between th
YBCO film and the substrate. Prior to device patterning,
surface resistance (Rs) of the superconducting films is mea
sured using a sapphire dielectric resonator operating at
GHz. The thickest films~500 nm! have a surface resistanc
at 76 K and 17.5 GHz of 735mV ~scaling byf 2 to 10 GHz
gives Rs5240mV). In addition, the penetration depthl is
measured inductively at 76 K on representative sampl18

~these measurements yieldl5290 nm at 76 K for the 500
nm thick samples!. The films are patterned into CPW stru
tures using standard optical photolithography and Ar
milling. The CPW geometry is used in part because only o
film is required~the center conductor and ground planes
either side are all located on the same surface of the film!. In
addition, the current density in the CPW geometry is pea
at the edges of the center conductor, making this config
tion potentially very sensitive to processing damage at
conductor edges. More details of the unpatterned film pr
erties and device fabrication can be found in Ref. 13.

To compare the nonlinear response of different dev
geometries, we fabricate up to 15 CPW transmission line
different length and center conductor linewidth on the sa
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15315 mm YBCO chip. This helps ensure that the mater
quality for different transmission lines is nearly identical,
that the measured response reflects geometrical differe
only. The gaps between the CPW center conductor and
ground planes on either side are adjusted to maintain 5V
characteristic impedance for the different center conduc
linewidths. The individual transmission lines are charact
ized using a cryogenic microwave probe station, which u
air coplanar probes that are cooled under vacuum along
the sample, and which can be positionedin situ to make
contact with the different CPW lines on the superconduct
sample. Since the signal-to-ground separation of the copla
contacts on the probes is fixed at 150mm, exponential tapers
are used onchip to transform to arbitrary center conduc
and gap dimensions@see Fig. 1~a!#. The probe station allows
measurement of all the devices on a given chip during
single cooldown, and sample temperatures down to 20 K
easily achieved. More details of probe station measurem
of superconductors can be found in Refs. 13 and 19.

We measure third-harmonic generation to quantify
nonlinear response of our CPW devices. We use this te
nique, rather than intermodulation measurements, bec
our transmission lines are broadband devices, supporting
propagation of a fundamental signal at a frequencyf and also
the third harmonic signal at frequency 3f . The harmonic
generation method is relatively simple, requiring only
single input tone, and the power incident on the test devi
can be determined without additional measurements of
input and output coupling. Nonresonant measurements
benefit from a simpler longitudinal current distribution~no
standing wave patterns with adequate impedance match!,
and are in general much less sensitive to the exact freque
of operation~no requirement for the signals to fall within
narrow passband!. Another advantage is the fact that th

FIG. 1. ~a! Diagram of a coplanar transmission line, showing use of tap
The gray region is the YBCO, while the black rectangles are gold conta
~b! Block diagram of the experimental setup to measure third harmo
generation in HTS transmission lines.
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transmission line length can easily be varied at the freque
of operation.

Figure 1~b! shows a block diagram of the experimen
configuration for our third-harmonic measurements. A vec
network analyzer is used as a source in continuous w
~cw! mode to provide a single-frequency signal, which f
these measurements is fixed at 5 GHz. This signal is fed
a solid state amplifier, which provides powers up to appro
mately 1 W, followed by a low-pass filter to remove high
harmonics generated by the source and amplifier. A dir
tional coupler inserted in the signal path just before the pr
station is used with a power meter to measure the po
incident on the transmission line under test. After the sig
passes through the probe station and the supercondu
transmission line, the fundamental and any generated
monics are measured using a spectrum analyzer. The m
sured return loss in this configuration when the amplifier
bypassed is typically greater than 20 dB, indicating adequ
impedance matching to the CPW transmission lines.

The limit on the smallest harmonic signal generated
the superconducting transmission lines that can be dete
depends on the sensitivity of the spectrum analyzer and
magnitude of any background harmonics generated by o
components in the test setup. The measurement limit of
spectrum analyzer depends primarily on the resolution ba
width, and also on factors such as input attenuation and
eraging. For the measurements presented here, the spe
analyzer sensitivity limit is approximately284 dBm ~the
units of power quoted from this point forward are decib
referred to 1 mW, abbreviated dBm!. In a configuration
where the probe station is bypassed, no measurable b
ground third-harmonic signal is detected up to an incid
power of 28.3 dBm, the maximum power available for the
measurements.

Figure 2 shows the measured power in the third h
monic and the fundamental as a function of incident powe
76 K for a 21mm wide, 11.35-mm-long CPW transmissio
line fabricated from a 320-nm-thick YBCO film. The data
Fig. 2 show that the magnitude of the third harmonic ris
with approximately slope 3 over the measured range of in
dent power. The measured power in the fundamental, in c
trast, rises with a slope of 1 on the log-log plot, and has

FIG. 2. Measured fundamental~5 GHz! and third harmonic~15 GHz! vs
incident power at 76 K for a CPW transmission line fabricated from
YBCO thin film. The geometry of the transmission line is: linewid
521mm, line length511.35 mm, and film thickness5320 nm.
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intercept close to 0. For the range of incident powers sho
in Fig. 2, we estimate1 the peak rf field strengths to be in th
range from 2 to 6 mT~20–60 Oe!.

We can quantify the nonlinear response shown in Fig
by fitting the third harmonic data to a line of slope 3 a
extracting the intercept point. By convention, we extract
third-order intercept point (PTOI), which is the incident
power at which a line of slope 3 fitted to the third-harmon
data intercepts a line of slope 1 fitted through the fundam
tal data.20 The third-order intercept defined in this manner
not a realizable power; in practice the rf current densit
exceed the critical current density of the superconductor w
before the incident power approaches the third order in
cept power. Figure 2 shows that a higher third-order int
cept corresponds to a smaller third-harmonic signal fo
given incident power; hence a higher third-order interc
implies a smaller nonlinear response for a given circuit.

Figure 3~a! shows the measured power in the third ha
monic as a function of incident power for eleven transm
sion lines fabricated on a single YBCO chip. There are th
sets of lines of width 21, 53, and 105mm. The 21 and 105
mm linewidth structures use 0.2-mm-long exponential tap
to transform from a probe-compatible geometry~tapers are
not required for the 53-mm-linewidth structures, which have

FIG. 3. ~a! Measured third harmonic vs incident power at 76 K for elev
different CPW transmission lines of different geometries fabricated on a
nm YBCO thin film. Data are shown for the following lines: 21mm wide,
2.06 mm long~open circles!; 21 mm wide, 3.18 mm long~open squares!; 21
mm wide, 6.54 mm long~open diamonds!; 21 mm wide, 11.35 mm long
~open triangles!; 53 mm wide, 2.06 mm long~filled circles!; 53 mm wide,
3.18 mm long~filled squares!; 53 mm wide, 6.54 mm long~filled diamonds!;
53 mm wide, 11.35 mm long~filled triangles!; 105mm wide, 3.18 mm long
~3!; 105mm wide, 6.54 mm long~1!; 105mm wide, 11.35 mm long~open
circles with dots!. ~b! Resulting third order intercepts vs. transmission li
length for the data shown in~a!. The linewidths are 105mm ~diamonds!, 53
mm ~circles!, and 21mm ~squares!.
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constant linewidth sections of corresponding lengths to
tapers!. Within each of the constant linewidth sets are tra
mission lines of length 2.06, 3.18, 6.54, and 11.35 mm, fo
total of twelve lines, each having a different geometry~these
specified lengths include the 0.2-mm-transformer sectio!.
We extract a third-order intercept (PTOI) for eleven data sets
in Fig. 3~a! and plot the resulting intercepts as a function
line length in Fig. 3~b! ~each linewidth set is denoted by
different plotting symbol!. The 2.06-mm-long transmissio
line of the 105-mm-linewidth set showed no measurab
third-harmonic signal up to our maximum incident powe
Figure 3~b! shows that decreasing the center conductor li
width results in a lowerPTOI ~implying a larger third-
harmonic signal for a given incident power!. This is qualita-
tively what we expect, since the smaller linewidth lines ca
a larger current density for a given input power. Figure 3~b!
also shows thatPTOI decreases with increasing line leng
for each set of lines.

The fact that the measured third-order intercept va
with the length and width of our superconducting transm
sion lines suggests that the observed third harmonic sign
generated predominantly by the transmission line its
rather than by probes, contacts, tapers, or connectors~har-
monic generation due to these factors would be constant
not change with transmission line geometry!. For further
verification, we have performed measurements on gold li
deposited on LaAlO3 substrates~the gold lines have a line
width of 53 mm and a gap spacing of 101mm!. Measure-
ments of gold lines of different lengths at room temperat
and at cryogenic temperatures~30 and 76 K! show no mea-
surable third-harmonic signal for the maximum incide
powers available for these experiments. These measurem
of gold transmission lines also effectively exclude t
LaAlO3 substrate as a possible source of the observed
linear response.

III. CALCULATION OF THIRD HARMONIC
GENERATION

To describe the observed nonlinear effects in our CP
devices, we calculate in this section the third harmonic g
eration due to the nonlinear inductance of a section of tra
mission line. We reproduce here the derivation of Dahm a
Scalapino14 to obtain an expression for the nonlinear cont
bution to the inductance due to a current-dependent pen
tion depth. However, instead of calculating the intermodu
tion power in a fixed length resonator as in Ref. 14,
calculate the third-harmonic generation in a variable len
transmission line. In this treatment, we do not include
effects due to a nonlinear resistance, since we expect
effects of the nonlinear inductance to dominate the obser
nonlinear response for superconducting transmission line

We follow Dahm and Scalapino14 and define an expan
sion for the nonlinear inductance per unit length:

L~ I !5L01L8I 2, ~1!

whereL0 is the linear~current-independent! contribution to
the inductance, andL8 is the nonlinear contribution, which i
due to the variation of the penetration depthl with the cur-
rent densityJ. Because higher-order terms are neglected
e
-
a

f

.
-

y

s
-
is

f,

nd

s

e

t
nts

n-

-
s-
d

ra-
-

h
e
he
ed
.

n

Eq. ~1!, this expansion is valid only when the nonlinear r
sponse can be considered to be small. The expression fo
nonlinear~current dependent! penetration depth is given by

l2~T,J!5l2~T!F11S J

J0~T! D
2G . ~2!

We label the parameterJ0 as the nonlinear scaling curren
density. Using the expression for the inductance per u
length:14

L5
m0*~H21l2J2!dS

~*J dS!2 , ~3!

we obtain for the nonlinear contribution to the inductance

L85
m0l2~T!G

w2t2J0
2 , ~4!

whereG is a geometrical factor given by

G5
w2t2*J4 dS

~*J dS!4 . ~5!

The integration in Eq.~5! is taken over the cross section o
the transmission line conductor~s!. In Eq. ~5! it is important
to use a form for the current density that is appropriate
the transmission line geometry under consideration, beca
J will in general be a strong function of position across t
transmission line for many planar structures.

We now use the nonlinear inductance described by
~1! to calculate third harmonic generation in a section
transmission line. Throughout the derivation we assume
the nonlinear term in the inductance generates a third
monic signal, but does not appreciably affect the linear pr
erties of the transmission line.

To determine the effect of the nonlinear inductance
Eq. ~1! on the measured response of our circuit, we follo
Ref. 21 and calculate the voltage generated by a~lumped
element! nonlinear inductor of lengthl:

V~ t !5 lL ~ I !
dI

dt
5 lL 0

dI

dt
1 lL 8I 2

dI

dt
. ~6!

For the time being, we assume that the inductor lengthl is
small enough compared to a wavelength that a lump
element approach is valid. We assume a single-tone in
signal at an angular frequencyv:

I ~ t !5I 0 cos~vt !. ~7!

Substituting Eq.~7! into Eq. ~6! produces a voltage signal a
frequency 3v:

V~3v!52
lL 8vI 0

3

4
sin~3vt !. ~8!

We now calculate the power in the third harmonic for
section of transmission line of characteristic impedanceZ0 :

P35
1

2Z0
uV3u25S vL8l

4 D 2 I 0
6

2Z0
5S vL8l

2Z0
2 D 2 I 0

6Z0
3

8
. ~10!

Using the expression for the power in the fundamentalP1

5I 0
2Z0/2 we obtain
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1024 J. Appl. Phys., Vol. 86, No. 2, 15 July 1999 Booth et al.
P3~dB!510 log10~P3!52310 log10S vL8l

2Z0
2 D

13310 log10~P1!. ~11!

If we plot the power in the third harmonic versus the incide
power ~which is the same as the transmitted power in
fundamental for a lossless line!, we obtain a line of slope 3
with an intercept given by the first term in Eq.~11!. It is easy
to show20 that for a line of slope 3 with an interceptb, the
third-order intercept is simplyPTOI52b/2. After substitut-
ing for L8 in Eq. ~11! we then obtain the following expres
sion for the third-order intercept, in units of dBm:

PTOI510 log10S 2J0
2~T!

m0vl2~T!

w2t2Z0
2

G l D 130. ~12!

The third-order intercept is found to depend on the dim
sions of the transmission line, the characteristic impeda
Z0 , as well as the material parametersl andJ0 .

There are some limitations to the application of the de
vation of P3 and PTOI presented above. First, Eq.~1! must
describe the current-dependent inductance with sufficient
curacy. For superconductors carrying large enough curre
the form ofL(I ) is expected to deviate from that given in E
~1!, and the analysis presented here will no longer be va
For this situation, higher order terms in Eq.~1! will become
important and must be considered. For this reason, we
strict our analysis to third harmonic data that increase w
the third power of the incident signal, as illustrated in Fig.

The second limitation is due to the fact that the expr
sion in Eq. ~12! was derived using a lumped-element a
proach for a nonlinear inductor, which can be strictly appl
to transmission line sections where the lengthl is small com-
pared to a wavelength. We can circumvent this difficulty
some extent by considering a general transmission line
lengthL as made up of a series of smaller transmission
elements such that the assumptionl !l is valid for each
segment. We then make the further assumption that the
linear responses from the individual segments do not inte
and that the resulting third harmonic signals from each s
ment add in phase.22 Obviously, this argument cannot b
extended to arbitrarily long transmission lines because
~10! would predict thatP3 will increase without bound as th
length l increases, whileP1 remains constant. This appara
violation of conservation of energy results from the fact th
in the current treatment we have ignored both the effect
losses and the effect of the nonlinear response on the fu
mental signal. Therefore, the second practical limitation
that the third harmonic signal must remain much sma
than the fundamental signal. For the data that we pre
here, this conditionP3!P1 is always satisfied.

IV. DATA ANALYSIS

We can use the expression in Eq.~12! to compare our
measured third-order intercept data for transmission line
different geometries. In what follows, we will first demon
strate the application of Eq.~12! to describe differences in
measured third-order intercepts for lines of different wid
and lengths shown in Fig. 3~b!. We will then apply Eq.~12!
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to describe differences in the measuredPTOI for transmission
lines fabricated from samples of different thickness. The
of Eq. ~12! to scale ourPTOI measurements for differen
geometry transmission lines to the same reference geom
also enables us to extract an averagePTOI and a standard
deviation for all transmission lines on a single chip rega
less of the transmission line geometry. Finally we will u
values forl obtained from independent measurements to
tract a value for the nonlinear scaling current densityJ0 at 76
K for each film studied.

To illustrate the use of Eq.~12! to compare the third-
order intercepts of transmission lines of different dime
sions, consider two transmission lines that differ only in t
center conductor widthw. We can use Eq.~12! to calculate
the expected difference in third-order intercept for these t
lines. Assuming all other quantities are identical, we obta

DPTOI~dB!5~PTOI!
line12~PTOI!

line2520 log10S ws
line1

ws
line2D .

~13!

Consider, for example, transmission lines that differ in wid
by a factor of 5. From Eq.~13! we expect the third-orde
intercept of the narrower line to be lower by a factor
20 log10(5)514 dB, which is roughly the difference we ob
serve in Fig. 3~b! between the 21 and 105mm lines. In prac-
tice the factorG in Eq. ~12! will also change for different
geometries, since the current distribution will be different f
different linewidth samples. We use the method of Shee23

to calculate the current distributions for different transm
sion line dimensions, assuming a current-independent ind
tance. We then use Eq.~5! to determine the geometry facto
G for each different geometry.

To illustrate the application of Eq.~12! more explicitly,
we scale our measured third order intercepts shown in
3~b! to the same reference width~we choose reference value
of wref5100mm, andG ref5331011m22):

PTOI
scaled5PTOI

meas220 log10S ws

100D110 log10S Gs

3.031011D ,

~14!

wherews is in units ofmm andGs is in units of m22, and the
intercept pointsPTOI

scaledandPTOI
measare expressed in dBm. Thi

scaling should effectively eliminate differences inPTOI due
to differences in transmission linewidth. Figure 4 shows
measured data from Fig. 3~b! scaled in this manner, which
illustrates how our measured data for different linewidth d
vices collapse to describe roughly the same curve versus
length. This figure dramatically confirms the linewidth d
pendence ofPTOI given by Eq.~12!.

We can also scale the data in Fig. 4 to take into acco
differences in transmission line length, also according to
~12!. Instead of collapsing the data a second time, we plot
length dependence predicted by Eq.~12! along with the mea-
sured data already scaled to the reference linewidth (wref

5100mm). The solid line in Fig. 4 represents such a fit
the third-order intercept versus line length using Eq.~12!.
The data collapse and fit illustrated in Fig. 4 demonstrate
excellent agreement between the differences in the meas
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PTOI due to geometry and the dependence on length
width predicted by the simple model and expressed in
~12!.

This analysis implies that a single value forPTOI can
describe the twelve different geometries for the single fi
considered above. This value forPTOI can be transformed to
compare with other measurements ofPTOI from samples
having different lengths and linewidths. In order to facilita
comparisons of different geometry samples, we adopt
convention to scale all our measured data to a fictitious
erence geometry defined by a film thickness of 500 nm
linewidth of 100mm, and a length of 10 mm~we also use a
reference value forG53.031011m22). We can then write
the following equation to describe the scaling ofPTOI of any
arbitrary geometry to our standard geometry:

PTOI
scaled5PTOI

meas220 log10F S ws

100D S ts

500D G
110 log10F S Ls

10D S Gs

3.031011D G , ~15!

with ws expressed inmm, ts in nm,Ls in mm, andGs in m22.
As before, the intercept points are expressed in dBm
simple consequence of this analysis is that if we can scale
measuredPTOI for geometry, we can necessarily scale t
measured third harmonic magnitudeP3 as well. The change
in the magnitude of the third harmonic signalP3 is related to
the scaling correction for the third-order intercept byDP3

522DPTOI . Figure 5 shows the third harmonic data fro
Fig. 3~a! scaled to the reference geometry. The resulting p
shows that the data from all lines collapse to roughly
same function, described by a line with slope 3 and a th
order intercept ofPTOI5182.7 dBm. The ability to scale th
measuredP3 data to account for geometrical differences
important for comparison ofP3 data that do not increas
with incident power with slope 3 and therefore do not hav
definitive third-order intercept point.

Equation ~12! also predicts how our measuredPTOI

should change for different thickness samples. Figure 6~a!
shows PTOI data for 21-mm-wide transmission lines fabri
cated from films of thickness 50, 320, and 500 nm. Wh

FIG. 4. Scaled third order intercepts vs line length for data shown in
3~b!. The data are scaled for different linewidths to a reference geom
using Eq.~14!. The solid line represents the length dependence predicte
Eq. ~12!. The reference geometry is given by:wref5100mm, t ref

5500 nm, andG ref5331011 m22.
nd
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scaled to the same reference thickness using Eq.~15!, the
variable thickness data also collapse remarkably well, as
lustrated in Fig. 6~b!. This application of Eq.~15! accounts
for differences in the measuredPTOI in Fig. 6~a! of up to 25
dB. The solid line in Fig. 6~b! shows the same length depe
dence calculated in Fig. 4, demonstrating that samples
different thicknesses, linewidth, and line length can all
described by a single value forPTOI

scaledusing Eq.~15!.
To verify that this behavior is generally valid, we pe

form measurements on sets of devices fabricated from
number of different films. Table I summarizes the extrac
PTOI scaled for geometry using Eq.~15! for several films of
different thicknesses. The geometrical scaling works
tremely well for all the samples considered, yielding a me

.
ry
y

FIG. 5. Measured third harmonic vs incident power for eleven transmiss
lines of different geometry shown in Fig. 3~a!, scaled for length and width to
the same reference geometry.

FIG. 6. ~a! Measured third-order intercepts vs line length for 21mm wide
transmission lines of three different film thicknesses at 76 K: 500
~circles!; 320 nm ~squares!; 50 nm ~diamonds!. ~b! Third-order intercept
data from~a! scaled for different film thicknesses using Eq.~15!. The solid
line is the same length dependence shown in Fig. 4.
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PTOI that is very similar for all samples studied. Furthe
more, since we expect to obtain the same scaledPTOI for all
lines, we can define a standard deviation, which measure
uniformity of the scaled third order intercept across a giv
chip. The standard deviation in scaled third-order intercep
1–2 dBm for all the films investigated here, which demo
strates remarkable uniformity in the nonlinear response
devices across a given chip.

This analysis is particularly simple because the only
rameters we need to know accurately are the transmis
line length, width, and film thickness~the geometry factorG
is weakly dependent on the penetration depth!. However, the
values ofPTOI that we obtain are still specific to a give
CPW transmission line. If, in addition, we know the penet
tion depthl, we can calculate the material parameterJ0 ,
which does not depend on geometry at all. For our samp
using values ofl measured inductively on representati
samples,18 we obtain values forJ0 in the range 2.6– 3.4
3107 A/cm2 at 76 K, as shown in Table I. This value ofJ0 is
larger than the inductively measured critical current den
Jc , which for these samples is measured to beJc'3
3106 A/cm2. This conclusion is consistent with the resu
of Willemsen,24 who find the intermodulation critical curren
JIMD exceeds Jc for resonators fabricated from
Tl2Ba2CaCu2O81x films.

The variation in values ofPTOI
scaled and J0 for different

samples could be due to thickness variations in the YB
thin film ~estimated to be approximately 10% across the
315 mm sample! or due to temperature variations during t
measurements~estimated to be approximately 1 K across the
sample!. The remarkable consistency in values extracted
J0 for a large number of transmission lines of different g
ometries demonstrates that the nonlinear scaling current
sity for these samples can be considered to be an intri
material property.

V. CONCLUSIONS

A simple model based on a current-dependent pene
tion depth accurately describes measurements of third
monic generation in CPW transmission lines fabricated fr

TABLE I. Summary of third-order intercept data for several differe
YBCO films. Shown is the mean third-order intercept and standard devia
of the indicated number of transmission lines, after the third-order interc
of the individual lines have been scaled to a reference geometry to acc
for geometrical differences. Also included is the mean nonlinear sca
current density derived from the third-order intercept and penetration d
data. The specified yield is the number of transmission lines that ga
measurable third harmonic signal of slope 3.

Film ID.

Film
thickness

~nm!

Yield
~measurable

slope 3!

Average
PTOI

scaled

~dBm!
Std. Dev.

~dBm! J0(107 A/cm2)

L397-164 500 9/12 82.6 1.2 2.9
L397-166 500 9/12 82.1 1.1 2.8
L397-160 320 11/12 82.7 1.3 3.3
L397-161 320 10/12 82.8 1.2 3.4
L397-170 50 12/12 80.2 1.3 2.8
L397-175 50 12/12 79.5 2.5 2.6
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YBCO thin films. This model quantitatively explains th
measured differences in harmonic generation for differ
CPW dimensions, including film thickness, center conduc
linewidth and line length, suggesting that the observed n
linearities are an intrinsic material property. This analysis
used along with a simple measurement system to dem
strate the removal of geometrical effects from measurem
of the nonlinear response in HTS devices. Our results can
used along with the theory of Dahm and Scalapino14 to pre-
dict the limits on nonlinearity for practical superconductin
devices of arbitrary geometries at microwave frequenc
The nonlinear scaling current densityJ0 obtained from these
measurements at 76 K is remarkably consistent for all
samples studied and also provides an appropriate figur
merit for optimizing fabrication processes to minimiz
material-dependent nonlinear effects. We plan to use th
methods in future work to determine the relative importan
of pattering techniques and film growth conditions on no
linearities in the HTS materials. In addition, we plan to i
vestigate the temperature dependence of the observed
linear effects~through the temperature dependence ofPTOI

scaled

andJ0) in a manner analagous to Ref. 24 in order to furth
understand their physical origin.
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